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Let D be nonempty open convex subset of a real Banach space E . Let T : D¯ → KC(E) be
a continuous pseudocontractive mapping satisfying the weakly inward condition and let
u ∈ D¯ be ﬁxed. Then for each t ∈ (0,1) there exists yt ∈ D¯ satisfying yt ∈ tT yt + (1 − t)u.
If, in addition, E is reﬂexive and has a uniformly Gâteaux differentiable norm, and is such
that every closed convex bounded subset of D¯ has ﬁxed point property for nonexpansive
self-mappings, then T has a ﬁxed point if and only if {yt} remains bounded as t → 1; in
this case, {yt} converges strongly to a ﬁxed point of T as t → 1−. Moreover, an explicit
iteration process which converges strongly to a ﬁxed point of T is constructed in the case
that T is also Lipschitzian.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let D be a nonempty closed convex subset of a Banach space E and let C B(E), K (E) and KC(E) denote the family of
nonempty closed bounded subsets, nonempty compact subsets and nonempty compact convex subsets of E , respectively.
Let H be the Hausdorff metric on C B(E), that is,
H(A, B) = max
{
sup
a∈A
d(a, B), sup
b∈B
d(b, A)
}
for all A, B ∈ C B(E), where d(a, B) = inf{‖a − b‖: b ∈ B} is the distance from the point a to the subset B . A multivalued
mapping T : D → C B(E) is said to be Lipschitzian if there exists L > 0 such that H(T x, T y)  L‖x − y‖ for x, y ∈ D . If 0
L < 1 then T is called contraction with constant L and if L = 1 then T is called nonexpansive. A mapping T : D → C B(E) is
called pseudocontractive if the inequality
‖x− y‖ ∥∥x− y + t((x− u) − (y − v))∥∥ (1.1)
holds for each x, y ∈ D(T ), u ∈ T x, v ∈ T y and for all t > 0. For this class of operators, the operator Jλ := (I + λ(I − T ))−1,
which is called the resolvent of A := (I − T ), is a single valued nonexpansive mapping deﬁned on the range of I + λ(I − T ).
As a result of Kato [14], it follows from inequality (1.1) that T is pseudocontractive if and only if for all x, y ∈ D(T ) there
exists j(x− y) ∈ J (x− y) such that 〈u − v, j(x− y)〉 ‖x− y‖2 for all u ∈ T x, v ∈ T y.
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with domain D(A) and range R(A) in E is called accretive if the inequality
‖x− y‖ ∥∥x− y + s(ux − uy)∥∥ (1.2)
holds for every x, y ∈ D(A), ux ∈ Ax, uy ∈ Ay and for all s > 0. The operator Jλ := (I +λA)−1, which is called resolvent of A,
is a single-valued nonexpansive mapping deﬁned on the range, R(I + λA), of (I + λA). If the range, R(I + λA), of (I + λA)
is E for λ > 0, then A is said to be m-accretive. If D(A) ⊂ R(I + λA), we say that A satisﬁes the range condition. In fact, the
condition
lim inf
h→0+
d(x− hAx, D(A))
h
= 0 (1.3)
(where A is accretive) implies the range condition (see e.g. [9]). We observe that A is accretive if and only if T := I − A
is pseudocontractive and thus the set of zeros of A, N(A) := {x ∈ D(A): x ∈ A−10}, coincides with the ﬁxed point set
of T , F (T ) := {x ∈ D(T ): x ∈ T x}. The importance of these operators is well known (see e.g., [6,7,10,23]). Many problems in
nonlinear analysis and optimization theory can be formulated as follows: ﬁnd an x such that 0 ∈ Ax. This problem has been
investigated by many researchers: see for instance, Benavides et al. [2], Brezis and Lions [3], Takahashi and Ueda [29], Reich
[23] and others.
Let D be nonempty closed and convex subset of a real Banach space E and T : D → K (D) be a mapping. For given u ∈ D
and t ∈ (0,1), let Gt : D → K (D) be deﬁned by
Gtx = tT x+ (1− t)u, x ∈ D. (1.4)
If T is nonexpansive, then Gt is contraction and admits a ﬁxed point xt ∈ D (not unique, in general) by the Nadler contrac-
tion principle [21], that is,
xt ∈ tT xt + (1− t)u. (1.5)
If T is single-valued, then (1.5) reduces to
xt = tT (xt) + (1− t)u. (1.6)
The strong convergence of the sequence {xt} for a self or non-self nonexpansive single-valued map T has been investi-
gated by Browder [5], Halpern [11], Kim and Takahashi [15], Reich [23], Singh and Watson [26], Takahashi and Kim [28],
Xu [30], Xu and Yin [31], Morales and Jung [20],, Jung and Kim [13], etc. For details on iterative methods, we refer to [4].
In 1967, Browder [5] established the following strong convergence theorem.
Theorem B. (See [5].) Let D be a bounded closed convex subset of a real Hilbert space H and T a nonexpansive self-mapping of D. Let
{tn} be a sequence in (0,1) converging to 1. Fix u ∈ D and deﬁne a sequence {xn} in D by
xn = tnT xn + (1− tn)u, n ∈ N.
Then {xn} converges strongly to the element of F (T ) nearest to u.
Reich [23] extended Browder’s theorem to uniformly smooth real Banach spaces as follows.
Theorem R. (See [23].) Let D be a bounded closed convex subset of a uniformly smooth real Banach space E and T a nonexpansive
self-mapping of D. Fix u ∈ D and deﬁne a net {xt} in D by
xt = tT xt + (1− t)u, t ∈ (0,1).
Then {xt} converges strongly as t → 1− to the element of F (T ) nearest to u.
Morales and Jung [20] extended Reich’s and hence Browder’s theorems to more general reﬂexive real Banach spaces and
to the class of continuous pseudocontractive mappings. In fact, they proved the following theorem.
Theorem MJ. (See [20].) Let E be a reﬂexive Banach space. Suppose K is a nonempty closed convex subset of E and T : K → E is a
continuous pseudocontractive mapping satisfying the weakly inward condition. Then for z ∈ K , there exists a unique path t → yt ∈ K ,
t ∈ [0,1), satisfying the following condition:
yt = tT yt + (1− t)z. (1.7)
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uniformly Gâteaux differentiable norm and is such that every closed convex and bounded subset of K has the ﬁxed point
property for nonexpansive self-mappings, then as t → 1− , the path converges strongly to a ﬁxed point of T (see [20]).
Pietramala [22] gave the following example which shows that Browder’s theorem (that is, Theorem B) cannot be extended
to multivalued case without adding extra assumption.
Example 1.1. Let C = [0,1] × [0,1] be the square in the real plane and T : C → K (C) be deﬁned by
T (a,b) = the triangle with vertices (0,0), (a,0), (0,b), (a,b) ∈ C .
Then it is easy to see that for any (ai,bi) ∈ C , i = 1,2,
H
(
T (a1,b1), T (a2,b2)
)= max{|a1 − a2|, |b1 − b2|} ∥∥(a1,b1) − (a2,b2)∥∥,
showing that T is nonexpansive. It is also easy to see that the ﬁxed point of T is F (T ) = {(a,0): 0 a  1} ∪ {(0,b): 0
b 1}. Let u = (0,1). Then the mapping Gt deﬁned by (1.4) has the ﬁxed point set
F (Gt) =
{
(a,0): 1− t  a 1}.
Let
xt =
{
( 1n ,0), if t = 1− 1n ,
(1,0), otherwise,
{xt} satisﬁes (1.5) but does not converge.
López Acedo and Xu [17] established the strong convergence of {xt} in a Hilbert space for a subclass of nonexpansive
multi-valued mappings, that is, for maps T satisfying F (T ) = {z}. Later on, Kim and Jung [16] extended López Acedo and
Xu’s result to a Banach space having a weakly sequentially continuous duality map. Sahu [24] discussed this problem
in a uniformly convex Banach space having a uniformly Gâteaux differentiable norm. Recently, Jung [12] gave the strong
convergence of {xt} deﬁned by xt ∈ tT xt + (1 − t)u, u ∈ D , for the nonexpansive non-self multi-valued mapping T in a
uniformly convex or reﬂexive Banach space having a uniformly Gâteaux differentiable norm. More recently, Shahzad and
Zegeye [25] extended the results of Jung [12] to a class of multimaps under mild conditions but still for nonexpansive
mappings.
Our concern here is the following: Is Browder’s theorem valid for the class of multi-valued Lipschitz pseudocontractive mappings in
Banach spaces more general than Hilbert spaces?
It is our purpose in this paper to prove the convergence of an implicit approximation process for non-self pseudocon-
tractive multi-valued mappings. Furthermore, explicit iteration process which converges strongly to a ﬁxed point of the
multi-valued mapping T is constructed. Our theorems provide aﬃrmative answer to the above question.
2. Preliminaries
Let E be a real normed linear space of dimension  2. The norm is said to be uniformly Gâteaux differentiable if for
each y ∈ S1(0) := {x ∈ E: ‖x‖ = 1} the limit limt→0 ‖x+ty‖−‖x‖t exists uniformly for x ∈ S1(0). It is well known that every
uniformly smooth space (e.g., Lp space, 1< p < ∞) has uniformly Gâteaux differentiable norm (see e.g., [8]).
Let D be a nonempty subset of a Banach space E . For x ∈ D , the inward set of x, ID(x), is deﬁned by ID(x) := {x+λ(u−x):
u ∈ D, λ  1}. A mapping T : D → E is called weakly inward if T x ∈ cl[ID(x)] for all x ∈ D , where cl[ID(x)] denotes the
closure of the inward set. Every self-map is trivially weakly inward.
In what follows, we shall make use of the following lemmas.
Lemma 2.1. Let E be a real normed linear space and J the normalized duality map on E. Then for any given x, y ∈ E, the following
inequality holds:
‖x+ y‖2  ‖x‖2 + 2〈y, j(x+ y)〉, ∀ j(x+ y) ∈ J (x+ y).
Lemma 2.2. (See [18].) Let {λn}, {αn} and {γn} be sequences of nonnegative numbers satisfying the conditions: limn→∞ αn = 0,∑∞
n=1 αn = ∞, and γnαn → 0 as n → ∞; and
λn+1  λn − αnψ(λn+1) + γn, n = 1,2, . . . , (2.1)
where ψ : [0,∞) → [0,∞) is a strictly increasing function such that it is positive on (0,∞) and ψ(0) = 0. Then λn → 0 as n → ∞.
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‖LIM‖ = 1, lim inf
n→∞ tn  LIMn tn  limsupn→∞
tn,
and LIMn tn = LIMn tn+1 for all {tn}n1 ∈ l∞ .
Lemma 2.3. (See [29].) Let K be closed convex subset of a Banach space E whose norm is uniformly Gâteaux differentiable. Let {xn}
be a bounded sequence in E. Let z ∈ K and let LIM be a Banach limit. Then LIMn‖xn − z‖2 = minx∈K LIMn‖xn − x‖2 if and only if
LIMn〈x− z, j(xn − z)〉 0, ∀x ∈ K .
Theorem M. (See [19].) Let D be a nonempty open subset of a Banach space E. Suppose A : D¯ → C B(E) is continuous (relative to
Hausdorff metric) and strongly accretive mapping which satisﬁes for some z ∈ D:
t(x− z) /∈ Ax for x ∈ ∂D and t < 0. (∗)
Then there exists x ∈ D¯ with 0 ∈ Ax.
Remark 2.4. If D¯ is a convex subset of E and T : D¯ → C B(E) is weakly inward then A := (I − T ) satisﬁes condition (∗).
Furthermore, if T is weakly inward then the condition (1.3) is automatic and hence, satisﬁes range condition.
If in Theorem M we have that D := E , then Theorem 8 of García-Falset and Morales [9] give the following.
Theorem GM. Let E be a real Banach space. Suppose A : E → 2E is a continuous strongly accretive mapping. Then there exists x ∈ E
such that 0 ∈ Ax.
3. Main results
In the sequel we shall need the following lemmas.
Lemma 3.1. Let D be an open convex subset of a Banach space E. Let T : D¯ → C B(E) be continuous (relative to Hausdorff metric)
pseudocontractive mapping satisfying weakly inward condition and let u ∈ D be ﬁxed. Then for each t ∈ (0,1) there exists xt ∈ D¯ such
that xt ∈ (1− t)u + tT xt .
Proof. Let At(x) := (1 − t)(x − u) + t(x − T x). Then clearly, At is continuous and strongly accretive. Moreover, since T is
weakly inward (1 − t)u + tT is weakly inward and hence by Remark 2.4, At satisﬁes (∗). Thus, by Theorem M there exists
xt ∈ D¯ such that 0 ∈ Axt . This means that there exists xt satisfying xt ∈ (1− t)u + tT xt . The proof is complete. 
With the use of Theorem GM we also get the following lemma.
Lemma 3.2. Let E be a real Banach space. Let T : E → 2E be continuous (relative to Hausdorff metric) pseudocontractive mapping and
u ∈ E be ﬁxed. Then for each t ∈ (0,1) there exists xt ∈ E such that xt ∈ (1− t)u + tT xt .
Theorem 3.3. Let D be open nonempty convex subset of a real Banach space E, and T : D¯ → C B(E) be continuous (relative to
Hausdorff metric) pseudocontractive mapping satisfying weakly inward condition and u ∈ D¯ be ﬁxed. Then for each t ∈ (0,1) there
exists yt ∈ D¯ satisfying yt ∈ tT yt + (1− t)u. If, in addition, E is reﬂexive and has a uniformly Gâteaux differentiable norm, and is such
that every closed convex bounded subset of D¯ has ﬁxed point property for nonexpansive self mappings, then T has a ﬁxed point if and
only if {yt} remains bounded as t → 1;moreover, in this case, {yt} converges strongly to a ﬁxed point of T as t → 1− .
Proof. Clearly, for each t ∈ (0,1), we have by Lemma 3.1 that there exists yt ∈ D¯ such that
yt ∈ (1− t)u + tT yt .
Thus, we can ﬁnd some zt ∈ T yt such that
yt = (1− t)u + tzt .
Assume that F (T ) 	= ∅. Then, we show that {yt} is bounded. Let p ∈ F (T ). Observe that if yt = p for all t ∈ (0,1) then we
are done. Suppose yt 	= p, then we have that
‖yt − p‖2 =
〈
(1− t)(u − p) + t(zt − p), j(yt − p)
〉
= (1− t)〈u − p, j(yt − p)〉+ t〈zt − p, j(yt − p)〉
 (1− t)‖u − p‖‖yt − p‖ + t‖yt − p‖2.
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‖yt − p‖ ‖u − p‖,
which implies that {yt} is uniformly bounded.
Suppose that {yt} remains bounded as t → 1− , we show that F (T ) 	= ∅ and {yt} converges to a ﬁxed point of T as
t → 1− . Let tn → 1− and set ytn := yn . Deﬁne the mapping φ : D¯ −→ R by
φ(x) := LIMn‖yn − x‖2, ∀x ∈ D¯.
Since E is reﬂexive, φ(x) → ∞ as ‖x‖ → ∞, φ is continuous and convex, it follows that φ attains its inﬁmum over D¯ at y∗
(say) (see [1], p. 79) and so the set C := {y ∈ D¯: φ(y) = infx∈D¯ φ(x)} is a bounded, closed, convex and nonempty subset
of D¯ .
Let Jλ := (I +λ(I − T ))−1 be the resolvent of (I − T ) for all λ > 0. Then Jλ is a single-valued nonexpansive mapping from
D¯ into D¯ such that F (T ) = F ( Jλ) for all λ > 0. Thus, since yn = tnzn + (1− tn)u for some zn ∈ T yn implies ‖yn − zn‖ → 0,
we get that yn − Jλ(yn) → 0 as n → ∞ (see [8]). Furthermore, for all z ∈ C ,
φ
(
Jλ(z)
) = LIM∥∥yn − Jλ(z)∥∥2  LIM∥∥ Jλ(yn) − Jλ(z)∥∥2  LIM‖yn − z‖2 = φ(z),
it follows that Jλ(C) ⊆ C ; that is C is invariant under Jλ and hence by hypothesis there exists y∗ ∈ C satisfying Jλ(y∗) = y∗ .
This implies that y∗ ∈ T y∗ , thus F (T ) 	= ∅. Moreover, for any p ∈ F (T ) we have that〈
yn − zn, j(yn − p)
〉 = 〈yn − p + p − zn, j(yn − p)〉 = ‖yn − p‖2 − 〈zn − p, j(yn − p)〉 0,
since 〈zn − p, j(yn − p)〉 ‖yn − p‖2 and so,
0
〈
yn − zn, j(yn − p)
〉 = (1− tn)〈u − zn, j(yn − p)〉.
This, together with ‖yn − zn‖ → 0, imply that
LIMn
〈
yn − u, j(yn − p)
〉
 0. (3.1)
In particular,
LIMn
〈
yn − u, j
(
yn − y∗
)〉
 0. (3.2)
Also, by Lemma 2.3, we have
LIMn
〈
x− y∗, j(yn − y∗)〉 0
for all x ∈ D¯ . In particular,
LIMn
〈
u − y∗, j(yn − y∗)〉 0. (3.3)
Thus, using (3.2) and (3.3) we ﬁnd LIMn‖yn− y∗‖ = 0. Therefore, there exists a subsequence {ynk } of {yn} such that ynk → y∗
as k → ∞. Assume that there is another subsequence {ynl } of {yn} such that ynl → q as l → ∞. Since d(ynl , T (ynl )) ‖ynl − znl‖ → 0 as l → ∞, it follows that d(q, T (q)) = 0 and so q ∈ F (T ). With ynk → y∗ , it follows from (3.1) and the fact
that J is norm-to-weak∗ uniformly continuous on bounded subsets of E , that〈
y∗ − u, j(y∗ − q)〉 0. (3.4)
Also, with ynl → q, we have that〈
u − q, j(y∗ − q)〉 0. (3.5)
Inequalities (3.4) and (3.5) yield that∥∥y∗ − q∥∥2  0,
which implies that y∗ = q. Thus yn → y∗ as n → ∞. This completes the proof. 
If in Theorem 3.3, T is a self-mapping, the requirement that T be weakly inward will not be needed. In fact we have the
following corollary.
Corollary 3.4. Let D be an open nonempty subset of a real Banach space E and T : D¯ → C B(D¯) be continuous (relative to Hausdorff
metric) pseudocontractive mapping and u ∈ D¯ be ﬁxed. Then for each t ∈ (0,1) there exists yt ∈ D¯ satisfying yt ∈ tT yt + (1 − t)u.
If, in addition, E is reﬂexive and has a uniformly Gâteaux differentiable norm, and is such that every closed convex bounded nonempty
subset of D¯ has the ﬁxed point property for nonexpansive self-mappings, then T has a ﬁxed point if and only if {yt} remains bounded
as t → 1;moreover, in this case, {yt} converges strongly to a ﬁxed point of T as t → 1− .
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Corollary 3.5. Let E be a real Banach space and T : E → 2E be continuous pseudocontractive mapping and u ∈ D¯ be ﬁxed. Then
for each t ∈ (0,1) there exists yt ∈ E satisfying yt ∈ tT yt + (1 − t)u. If, in addition, E is reﬂexive and has a uniformly Gâteaux
differentiable norm, and is such that every closed convex bounded nonempty subset of E has the ﬁxed point property for nonexpansive
self-mappings, then T has a ﬁxed point if and only if {yt} remains bounded as t → 1; moreover, in this case, {yt} converges strongly to
a ﬁxed point of T as t → 1− .
Note that if E is uniformly convex or uniformly smooth then E is reﬂexive and every closed convex bounded nonempty
subset of E has ﬁxed point property for nonexpansive self-mappings. Furthermore, E is uniformly smooth implies that E
has uniformly Gâteaux differentiable norm. Thus, we get the following corollaries.
Corollary 3.6. Let D be open nonempty convex subset of a real uniformly convex Banach space E, and T : D¯ → C B(E) be a continuous
(relative to Hausdorff metric) pseudocontractive mapping satisfying the weakly inward condition and let u ∈ D¯ be ﬁxed. Then, for each
t ∈ (0,1) there exists yt ∈ D¯ satisfying yt ∈ tT yt + (1− t)u. If, in addition, E has a uniformly Gâteaux differentiable norm, then T has
a ﬁxed point if and only if {yt} remains bounded as t → 1; in this case, {yt} converges strongly to a ﬁxed point of T as t → 1− .
Corollary 3.7. Let D be open nonempty convex subset of a real uniformly smooth Banach space E, and T : D¯ → C B(E) be a continuous
(relative to Hausdorff metric) pseudocontractive mapping satisfying the weakly inward condition and let u ∈ D¯ be ﬁxed. Then, for each
t ∈ (0,1) there exists yt ∈ D¯ satisfying yt ∈ tT yt + (1− t)u. Furthermore, T has a ﬁxed point if and only if {yt} remains bounded as
t → 1; in this case, {yt} converges strongly to a ﬁxed point of T as t → 1− .
4. Application
For the rest of this paper, {λn} and {θn} are real sequences in (0,1) satisfying the following conditions:
(i) limn→∞ θn = 0;
(ii) λn(1+ θn) 1, ∑λnθn = ∞, limn→∞ λnθn = 0;
(iii) limn→∞
(
θn−1
θn
−1)
λnθn
= 0.
Examples of real sequences which satisfy these conditions are λn = 1(n+1)a and θn = 1(n+1)b , where 0 < b < a and a + b < 1.
Also {yn} denotes the sequence deﬁned by yn := ytn = tnzn + (1 − tn)u, tn = 11+θn , ∀n  1 for zn ∈ T ytn guaranteed by
Theorem 3.3.
We now prove the following theorem.
Theorem 4.1. Let E be a reﬂexive Banach space having a uniformly Gâteaux differentiable norm, D a nonempty open convex subset
of E, such that every closed convex bounded nonempty subset of D¯ has ﬁxed point property for nonexpansive self-mappings. Let
T : D¯ → K (D¯) be a pseudocontractive Lipschitzian (relative to Hausdorff metric)mapping with constant L > 0 and let u ∈ D¯ be ﬁxed.
Let a sequence {xn} be generated from arbitrary x0 ∈ D¯ , w0 ∈ T x0 by
xn+1 := (1− λn)xn + λnwn − λnθn(xn − u), wn ∈ T xn. (4.1)
Suppose that d(wn,wn−1) = d(T xn,wn−1), n 1. If F (T ) 	= ∅, then {xn} converges strongly to some ﬁxed point of T .
Proof. We ﬁrst prove that {xn} is bounded. We follow the method of proof of Chidume and Zegeye [7]. Let x∗ ∈ F (T ). We
note that since T is compact-valued, for any wn−1 ∈ T xn−1 we can take wn ∈ T xn with d(wn,wn−1) = d(T xn,wn−1), n 1.
Moreover, since λn
θn
→ 0 there exists N0 > 0 such that λnθn  d := 12(2+L)(2+L+γ ) , ∀n  N0, where γ := H(T x∗,u). Let r > 0
be suﬃciently large such that xN0 ∈ Br(x∗) and u ∈ B r2(3+L) (x∗). It suﬃces to show that {xn} belongs to B := Br(x∗) for all
integers n  N0. Now, xN0 ∈ B by construction. Hence we may assume xn ∈ B for any n > N0 and prove that xn+1 ∈ B .
Suppose xn+1 is not in B . Then ‖xn+1 − x∗‖ > r and thus from the recursion formula (4.1) and Lemma 2.1 we get that∥∥xn+1 − x∗∥∥2 = ∥∥xn − x∗ − λn((xn − wn) + θn(xn − u))∥∥2

∥∥xn − x∗∥∥2 − 2λn〈(xn − wn) + θn(xn − u), j(xn+1 − x∗)〉
= ∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λn〈θn(xn+1 − xn) − (xn − wn) + θn(u − x∗)
+ (xn+1 − wn+1) − (xn+1 − wn+1), j
(
xn+1 − x∗
)〉
. (4.2)
74 E.U. Ofoedu, H. Zegeye / J. Math. Anal. Appl. 372 (2010) 68–76Since T is pseudocontractive we have 〈xn+1 − wn+1, j(xn+1 − x∗)〉 0. Thus, (4.2) gives∥∥xn+1 − x∗∥∥2  ∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λn[2‖xn+1 − xn‖ + d(T xn+1,wn)].∥∥xn+1 − x∗∥∥
+ 2λnθn
〈
u − x∗, j(xn+1 − x∗)〉

∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λn[2‖xn+1 − xn‖ + H(T xn+1, T xn)].∥∥xn+1 − x∗∥∥
+ 2λnθn
〈
u − x∗, j(xn+1 − x∗)〉

∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λn(2+ L)‖xn+1 − xn‖.∥∥xn+1 − x∗∥∥
+ 2λnθn
〈
u − x∗, j(xn+1 − x∗)〉

∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λn(2+ L)‖xn+1 − xn‖.∥∥xn+1 − x∗∥∥
+ 2λnθn
∥∥xn+1 − x∗∥∥.∥∥u − x∗∥∥
= ∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λn(2+ L)[λn∥∥θn(u − x∗ + x∗ − xn)
+ wn − x∗ + x∗ − xn
∥∥]∥∥xn+1 − x∗∥∥+ 2λnθn∥∥xn+1 − x∗∥∥.∥∥u − x∗∥∥

∥∥xn − x∗∥∥2 − 2λnθn∥∥xn+1 − x∗∥∥2 + 2λ2n(2+ L)(2+ L + γ )∥∥xn − x∗∥∥.∥∥xn+1 − x∗∥∥
+ 2λ2nθn(3+ L)
∥∥u − x∗∥∥.∥∥xn+1 − x∗∥∥. (4.3)
Since ‖xn+1 − x∗‖ > ‖xn − x∗‖ from (4.3) we get that∥∥xn+1 − x∗∥∥ λn
θn
(2+ L)(2+ L + γ )∥∥xn − x∗∥∥+ (3+ L)∥∥u − x∗∥∥,
and hence ‖xn+1 − x∗‖  r, since xn ∈ B and u ∈ B r
2(3+L) (x
∗) and λn
θn
 12(2+L)(2+L+γ ) , ∀n  N0. But this is a contradiction.
Therefore, xn ∈ B for all positive integers n N0 and hence the sequence {xn} is bounded.
It now remains to prove the strong convergence of the sequence {xn} to a ﬁxed point of T . From the recursion formula
(4.1) and Lemma 2.1 we have that
‖xn+1 − yn‖2  ‖xn − yn‖2 − 2λnθn
〈
(xn+1 − yn), j(xn+1 − yn)
〉
+ 2λn
〈
θn(xn+1 − yn) − (xn − wn) − θn(xn − u), j(xn+1 − yn)
〉
= ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2λn
〈
θn(xn+1 − xn)
+ [θn(u − yn) − (yn − zn)]− [(xn+1 − wn+1) − (yn − zn)]
+ [(xn+1 − wn+1) − (xn − wn)], j(xn+1 − yn)〉. (4.4)
Observe that by the property of yn and pseudocontractivity of T we have θn(u − yn) − (yn − zn) = 0 and 〈(xn+1 − wn+1) −
(yn − zn), j(xn+1 − yn)〉 0 for all n 1. Thus, we have from (4.4) that
‖xn+1 − yn‖2  ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2
+ 2λn
〈
θn(xn+1 − xn) + (xn+1 − wn+1) − (xn − wn), j(xn+1 − yn)
〉
 ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2λn(2+ L)‖xn+1 − xn‖.‖xn+1 − yn‖
 ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2λn(2+ L)‖xn+1 − xn‖.‖xn+1 − yn‖. (4.5)
But since F (T ) 	= ∅, by Theorem 3.3 we have that {yn} is bounded. Therefore, there exists M1 > 0 such that max{‖xn+1 −
yn‖.‖xn − wn + θn(xn − u)‖} M1. Thus from (4.5) we get that
‖xn+1 − yn‖2  ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2λ2n(2+ L)M1. (4.6)
Moreover, by the pseudocontractivity of T we have that
‖yn−1 − yn‖
∥∥∥∥yn−1 − yn + 1θn
[
(yn−1 − zn−1) − (yn − zn)
]∥∥∥∥
∣∣∣∣θn−1θn − 1
∣∣∣∣(‖yn−1‖ + ‖u‖). (4.7)
Thus, from (4.6) and (4.7) we get that
‖xn+1 − yn‖2  ‖xn − yn−1‖2 − 2λnθn‖xn+1 − yn‖2 + M
∣∣∣∣θn−1 − 1
∣∣∣∣+ 2λ2n(2+ L)M, (4.8)θn
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‖xn − yn‖ → 0 as n → ∞.
Therefore, since by Theorem 3.3, yn → y∗ ∈ F (T ), we get that {xn} converges strongly to a y∗ ∈ F (T ). 
If E is assumed to be uniformly convex or uniformly smooth we get the following corollaries.
Corollary 4.2. Let E be a uniformly convex Banach space having a uniformly Gâteaux differentiable norm and D be nonempty open
convex subset of E. Let T : D¯ → K (D¯) be a pseudocontractive Lipschitzian (relative to Hausdorff metric)mapping with constant L > 0
and let u ∈ D¯ be ﬁxed. Let a sequence {xn} be generated from arbitrary x0 ∈ K , w0 ∈ T x0 by
xn+1 := (1− λn)xn + λnwn − λnθn(xn − u), wn ∈ T xn.
Suppose that d(wn,wn−1) = d(T xn,wn−1), n 1. If F (T ) 	= ∅, then {xn} converges strongly to a ﬁxed point of T .
Corollary 4.3. Let E be a uniformly smooth Banach space and D be a nonempty open convex subset of E. Let T : D¯ → K (D¯) be a
pseudocontractive Lipschitzian (relative to Hausdorff metric)mapping with constant L > 0 and let u ∈ D¯ be ﬁxed. Let a sequence {xn}
be generated from arbitrary x0 ∈ K , w0 ∈ T x0 by
xn+1 := (1− λn)xn + λnwn − λnθn(xn − u), wn ∈ T xn.
Suppose that d(wn,wn−1) = d(T xn,wn−1), n 1. If F (T ) 	= ∅, then {xn} converges strongly to a ﬁxed point of T .
Remark 4.4. Our theorems provide an aﬃrmative answer to the question possed above in Banach spaces more general than
Hilbert spaces. Though the condition T x∗ = {x∗}, ∀x∗ ∈ F (T ), was imposed for multi-valued nonexpansive mappings (see
e.g., [12]), our theorems show that this restriction is not required for the class of multi-valued pseudocontractive mappings.
Remark 4.5. The addition of bounded error terms to any of the recursion formulas leads to no further generalization.
Remark 4.6. If f : D¯ → D¯ is a contraction map and we replace u by f (xn) in the recursion formulas of our theorems, we
obtain what some authors now call viscosity iteration process. We observe that all our theorems in this paper carry over
trivially to the so-called viscosity process. One simply replaces u by f (xn), repeats the argument of this paper, using the
fact that f is a contraction map.
Remark 4.7. It is interesting to note that Example 1.1 is a multi-valued nonexpansive (with respect to the Hausdorff metric)
map which is not a pseudocontraction.
Remark 4.8. C.E. Chidume and H. Zegeye [7] proved a convergence theorem for single-valued Lipschitz pseudocontractive
mappings in arbitrary real Banach spaces, the only convergence theorem now known in such a space for this class of
mappings. Theorem 4.1 is a multi-valued analogue of this.
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